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Let C(o) denote the least number of quintuples of a v-set V with the property 
that every pair of distinct elements of V occurs in at least one quintuple. Let 
B(U) = rvr(o- 1)/41/51. It is shown that C(15 = B(15) + 1, and that if u congruent 
to 3 (mod 4), u > 7 and v  # 15, then C(u) = B(u). 0 1988 Academic Press. Inc. 
1. IN-I-R~DUCTI~N 
A (5, 2) cover C of order u is a pair ( V, F) where V is a o-set and F is a 
set of quintuples of V (called blocks) which has the property that every 
pair of distinct elements from V occurs in at least one block. If C is such 
that no other ($2) cover on V has fewer blocks, then C is said to be 
minimum, and C(U) to be the number of blocks in F. In [ 111, Lamken, 
Mills, Mullin, and Vanstone have investigated C(u) for u congruent to 
2 (mod 4) and for large u congruent to 1 (mod 4) and Mullin [22] has 
investigated the cases u congruent to 3 or 11 (mod 20). In this paper, we 
examine the remaining cases for u congruent to 3 (mod 4). It is convenient 
to define B(u) = rur(u - 1)/41/51, where [xl denotes the smallest integer 
that is at least x. It is well known that C(u)aB(u). We wish to show that 
for most values of u congruent to 3 (mod 4), C(u) = B(u). 
2. STAR COVERS AND STAR DESIGNS 
Let S* denote the set of positive integers which are congruent to 3 
(mod 4). Define a function E:S* -+ (0, 3,4} as follows: 
E(u) = 0 if u congruent to 15 or 19 (mod 20); 
E(o) = 3 if u congruent to 3 or 11 (mod 20); 
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and 
E(U) = 4 if u congruent to 7 (mod 20). 
For u congruent to 3 (mod 4), a star cover of order u is a pair (V, B), where 
I/ is a u-set and B is a family of subsets (called blocks) of V with the 
following properties: 
(if B contains a unique distinguished block of size E(u); 
(ii) all other blocks of B are of size 5; 
(iii) every pair of distinct elements from V is contained in at least 
one member of B. 
Clearly, for v congruent to 15 or 19 (mod 20), the distinguished null block 
is irrelevant; it is included for subsequent ease of language. A star design of 
order u is a star cover of order u in which B contains B(u) non-null blocks. 
We also admit an exceptional star design of order 3, consisting of a 3-set 
V3 and a single block, namely I/, itself. 
Let D* = (u: 3 a star design of order u}. Clearly, if u > 3 and u lies in D*, 
then C(u) = B(u). 
A cover C’ = (I/‘, F) is a subcouer of a couer C = ( V, F) if I/’ c V and 
F’ c F. Similarly, a starcover D’ = (I/‘, F’) is a subcouer of a star cover 
D=(V,F) if v’c Vand F’cF. 
For definitions of group divisible design, transversal design, balanced 
incomplete block design, see [33], and for the definition of resolvable 
balanced incomplete block design, see [ 121. 
The following lemmas are similar to those proved for a special subclass 
of star designs in [22]. The results are valid for star designs in general and 
are presented without proof, since the proofs are analogous to those in 
WI. 
LEMMA 2.1. Suppose there exists a group divisible design % with s groups 
of size g,, g,, . . . . g,, and blocks of size 5, and that there exists an integer w 
such that for each i satisfying 1 < i 6 s - 1 there exists a star design of order 
g, + w which contains a star subdesign of order w. Suppose also there exists a 
star design S of order g,+ w. Let u = W+ C;=, g,. Then there exists a star 
design D of order u. Zf S contains a subdesign of order w, then D contains 
subdesigns of order w and gi + w, i = 1,2, . . . . s. 
LEMMA 2.2. Suppose that m and t are integers satisfying 0 < t Q m. If 
there exists a TD(6, m), and if there exists a star design SI of order 4m + w 
with a star subdesign of order w, and a star design Sz of order 4t + w, then 
there is a star design S3 of order 20m + 4t + w, which contains a star sub- 
design of order 4t + w. Moreouer, if S2 contains a subdesign of order w, then 
S, can be taken to contain subdesigns of order 4m + w and w. 
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LEMMA 2.3. Suppose that m and t are integers satisfying 0 < t < m. If 
there exists a TD(6, m), and if there exists a star design S, of order 8m + w 
with a star subdesign of order w, and a star design Sz of order 8t + w, then 
there is a star design S3 of order 40m + 8t + w, which contains a star sub- 
design of order 8t + w. Moreover, ifs, contains a subdesign of order w, then 
S, can be taken to contain subdesigns of order 8m + w  and w. 
(Henceforth, as an authority for the existence of the required transversal 
designs, we use [ 11. ) 
3. SOME PRELIMINARY COVERS 
This section contains covers which form the basis for the general solution 
of the covering problem under consideration. 
LEMMA 3.1. Let v be a positive integer satisfying v congruent to 3 or 11 
(mod 20). Then there exists a star cover of order v. 
ProojI The result has been established in [22] for ail admissible orders 
except for v E {83,91, 131). The star designs of these orders shown below 
establish the lemma. 0 
v = 83. Here the complement of a star design of order 11 in a star 
design of order 83 is constructed. The elements are the integers modulo 11 
and the 72 pairs (i,j), where i is an integer modulo 18, and j is an integer 
modulo 4. The 11 element set consists of the integers modulo 11 and the 
342 quintuples are 
0 (07 0) (930) (0% 1) (9, 1) mod(l8,-), (period 9) 
0 a 2) (9,2) (033) (933) mod(l8,-), (period 9) 
(O,i) (4.i) (3,j) (72) (0,2 + j) mod(l8, -), j=O, 1 
@,A t&j) (1, 1 -A (Z3 -jj (6,3 -j) mod(l8,-), j=O, 1 
(@A WI (21-j) (8,3-j) (11,3-j) mod(l8,-j, j=O, 1 
(0,2+j) (1,2+j) (6,2+j) (8,2+j) (11,3-j) mod(l8,-), j=O, 1 
1 +j (0, j) (3-l-j) (16,2+j) (17,3-j) mod( 18, -), j= 0, 1 
3+j (O,j) (5,1-j) (10,2+j) (12,3-j) mod(l8,-), j=O, 1 
5+j (0, j) (7, 1 -j) (3,2 + j) (9,3 -j) mod( 18, -), j= 0, 1 
7+-j W) (8, 1-j) (12,2+j) (16,3-j) mod( 18, -), j = 0, 1 
9+j (0, j) (15, 1 -jj (4,2+j) (10,3-j) mod(18, -), j= 0, 1 
v = 91. The elements are A, 0, 1, and the 88 pairs (i, j), where i is an 
integer modulo 22 and j is an integer modulo 4. The triple is 
A 0 1 
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and the 418 quintuples are 
A (O,.i) (ll,.i) (O,j+l) (ll,j+l) mod(22,-) j=O,2 
(period 1 1 ), 
C&j) (l,i) W) (3, 2-t.i) (21, 3-j) mod(22, -), j=O, 1 
(f&j) (4,jl (1, 1 --A (6, 1 -j) (16, 2+j) mod(22,-), j=O, 1 
@,A (6,.i) (10,1--j) (11,2+j) (14,3-j) mod(22,-), j=O,l 
(O,j) (7,j) (14, 1 -j) (7, 3-j) (9, 3-j) mod(22,-), j=O, 1 
(O,j) FM (13, 1-j) (12,3-j) (19,3-j) mod(22,-), j=O, 1 
(0, .i) (9,j) (L2 +A (7,2 +j) (19,2+j) mod(22,-), j=O, 1 
(O,j) (lO,i) (18,2+j) (13,3-j) (16,3-j) mod(22,-), j=O, 1 
(0,2+.i) (1,2+j) (9,2+j) (10,3-j) (15,3-j) mod(22,-), j=O,l 
.i (0, i) (4. l-j) (9,2+j) (17,3-j) mod(22,-), j=O,l 
v = 131. The elements are A, 0, 1 and the 128 pairs (i, j), where j is an 
integer modulo 32 and j is an integer modulo 4. The triple is 
‘4 0 1 
and the 864 quintuples are 
A W) (W 
(O,il (LA (Xjl 
(O,j) (%A (14,.il 
OXA (1, 1-j) (0,2+jl 
@,A (3, 1 -.A (4,2 +A 
(O,il (4, 1 --A (162 +A 
(O,.i) (6, 1 -A (6,2+jl 
(O,.il (8, 1 -A (l&2 +A 
(O,i) (9, 1 -j) (Z2 +.A 
(O,j) (10, 1 -.il (21,2+jl 
(O,jl (11, 1 --A (9,2 +A 
(&A (17, 1 -A (5,2 +A 
(O,i) (1% 1 -A (10,2+jl 
j WI (16, 1 -jl 
(lki) 
(7,j) 
(0, 1 -A 
(1% 2 +il 
(17,2 +A 
PA2 +A 
@,2 +A 
(15, 2 1-i) 
(3,2 +jl 
(262 +jl 
(30,2 +.il 
(14,2 +jl 
(25,2 +A 
(19,2 +i) 
(%A 
(2&j) 
(12, 1-j) 
(2% 2 +A 
(~4~2 +A 
(243 -il 
(13,3 -j) 
(9,3 -3 
(22,3 -A 
(5,3 -il 
(63 -3 
(28,3 -iI 
(lo,3 -3 
(15,3 -A 
mod(32, -) 
mod( 32, -), 
mod( 32, -), 
mod( 32, -), 
mod(32, -1, 
mod(32, -), 
mod( 32, -), 
mod(32, -), 
mod( 32, -), 
mod( 32, -), 
mod( 32, -), 
mod( 32, -), 
mod( 32, -), 
mod( 32, -), 
j=O,1,2,3 
(period 8) 
j=O, I 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
As a basis for an induction, we require star designs for all positive orders 
v congruent to 3 (mod 4) for u d 115, v # 15. The case u = 15 is excluded 
because there is no star design of this order. Stanton, Kalbfleisch, and 
Mullin [29] have pointed out that C( 15) = 13 = B( 15) + 1. 
LEMMA 3.2. For 3 < u d 115, v congruent to 3 (mod 4), v # 15, there 
exists a star design of order v. 
ProoJ In view of the previous lemma, we need not consider v con- 
gruent to 3 and v congruent to 11 (mod 20). Designs for the remaining 
cases are exhibited below. 1 
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In the following, some star designs are created by creating the blocks in 
the complement of a known star subdesign. In this case, the parameter “I” 
gives the order of the subdesign. 
v = 7. 
1 2 3 4 
1 2 5 6 7 
3 4 5 6 7 
v = 19. The elements are the integers modulo 19. The 19 quintuples 
are 
0 1 2 6 9 mod 19, 
or see Gardner [S]. 
v = 27, I= 7. The 27 elements are A, B, C, [ 11, [2], [3], [4], and the 
20 pairs (i, j) with i in GF(5) and j= 1, 2, 3, 4. The septuple is 
A B C Cl1 PI c31 c41 
and the 35 quintuples are 
A (0, 1) (1, 1) (0,2) (4 2) 
A (0,3) (193) (09 4) (L4 
A (i, 1) (6 2) (i, 3) (k 4), i = 2, 3, 4 
B (1, 1) (192) (13 3) (44) 
B (O,i) (LA (3J) (4, A, j= 1, 2, 3,4 
c (O,l) 0x2) (073) a 4) 
C (LJ? (LA W) (WY j= 1, 2, 3,4 
[h](i,l) (i+h,2) (i+2/2,3)(i+3h,4) h=I,2,3,4;iinGF(5) 
v = 35. The elements are the pairs (i,j), where i is an integer modulo 
7 and j= 1,2, . . . . 5. The 63 quintuples are 
(0, 1) (1, 1) CO,21 (2,2) 645) mod(7, -1 
(0, 1) (2,l) (0,2) (0,4) (3,4) mo47, -1 
(0, 1) (3,l) (0,3) (Z4) (L5) mod(7, -1 
(0, 1) (3,2) (4,2) (L3) (3,3) mod(7, -) 
(0, 1) (2,2) (5,3) (4,4) (4,5) mod(7, -1 
(0, 1) (2,3) (63) (2,5) (3,s) mod(7, -) 
(OJ) (3,2) (L4) (4,5) (6,5) moW’-) 
(0,2) (L3) (2,3) (4,4) (6,4) mod(7,-) 
t&3) 0X4) (L4) (2,5) (5,5) mod(7,-) 
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u = 39. The elements are the integers modulo 39. The 78 quintuples 
are 
0 1 4 9 25 mod 39 
0 1 7 27 29 mod 39; 
see Gardner [5]. 
u = 47, I= 7. The construction here is recursive. The elements are A, B 
and the 45 pairs (i,j) with i= 1, 2, . . . . 5 and j= 1, 2, . . . . 9. Let B, denote the 
81 blocks of a TD(5, 9) with the groups 
G,= ((i&j= 1, 2, . . . . 9}, i = 1) 2, . ..) 5, 
and with one block 
X=(1,1) (2,l) (3,l) (431) (5,l) 
To the blocks of B, adjoin the five sets of blocks, each set Si being the 7 
blocks of a star design of order 11 defined on Gi u {A, B} in such a fashion 
that the blocks of size 3 contain the elements (i, l), A, B, i = 1, 2, . . . . 5. 
Replace the five triples above by the two blocks 
AB (l,l) c&l) (3,l) 
AB (4, 1) (5>1) 
The resulting quadruple and 112 quintuples are a star design of order 47. 
Note that these last two blocks and X form a subsystem of size 7. 
v=55. The elements are the pairs (i,j), where i is an integer modulo 
11 and j = 1, 2, . . . . 5. The 154 quintuples are 
(021) (Ll) (0,2) (0,4) (474) mod(l1, -) 
(07 1) c&l) C-4 2) co,51 (395) mod( 11, -) 
al) (3,l) (L2) (735) (f-6 5) mod(ll,-) 
641) (4,1) (0,3) (293) (1% 5) mod(l1, -) 
(O,l) C&l) 63) (64) (724) mod(l1, -) 
(0, 1) (272) (572) (5,3) (1% 3) mod(ll,-) 
(0, 1) (392) 62) (173) (453) mod(ll,-) 
to,11 (62) (732) (524) (854) mod(l1, -) 
(0, 1) (472) (63) (924) (2, 5) mod(l1, -) 
(032) (492) (l&3) (774) (5,5) mod(ll,-) 
(Q2) t&2) (8,4) (435) (10,5) mod(l1, -) 
(0,3) (L3) (234) (724) (295) mod(l1, -) 
(0, 3) (493) (434) (795) (935) mod(ll,-) 
(03 3) (334) (5,4) (0,5) (425) mod(l1, -) 
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lJ=59. The elements are the integers modulo 59. The 177 quintuples 
are 
0 1 2 10 37 mod 59 
0 3 15 19 45 mod 59 
0 5 11 18 39 mod59 
u = 67, I= 7. The elements are the integers modulo 7 and the 60 pairs 
(i, j), where i is an integer modulo 15 and j is an integer modulo 4. The 7 
element set consists of the integers modulo 7 and the 225 quintuples are 
0 
(0, i) 
(0, j) 
;;;; 
1 kj 
3+j 
5+j 
(030) (03 1) (07 2) (033) mod( 15, -), 
(1J) (%A (7,j) (6, 1 -A mod(15, -), j=O, 1 
(%A (1,2+j) (2,2 +i) (12,3 -A mod(15, -), j= 0, 1 
(2, 1 -A (4,2 +A 62 +j) (lo,2 +j) mod(15, -), j=O, 1 
(3,2 +A (1, 3 -A (4, 3 4) (11, 3 -A mod(l5,-), j=O, 1 
(O,j) (4, 1 -j) (13,2 +A (lo,3 -A mod( 15, -), j = 0, 1 
KU) (7, 1 -A (5,2 +A (14, 3 -j) mod(15, -), j=O, 1 
(O,j) (6, 1 -3 (9,2 +A (5,3 -j) mod(15, -), j=O, 1 
u = 75, I= 19. The elements are the integers modulo 5 and the pairs 
(i, j), where i is an integer modulo 14 and j is an integer modulo 5. The 
19-element set consists of the pairs (i, 0) and the integers modulo 5. The 
266 quintuples are 
0 (0, 1) (0>2) (03 3) (09 4) mod( 14, -), 
(0, 0) (0, 1 +A (1, 1 +j) (3, 1 +j) (11,3+j) mod(l4,-), j=O, 1 
(0, 0) (2, 1 +A (8, 1 +j) (4,2-j) (11,2-j) mod(14, -), j=O, 1 
(0, 0) (5, 1 +A (10, 1 +j) (0, 3+j) (12,3+j) mod(l4,-), j=O, 1 
(070) (9, 1 +A (13, l+j) (2,4-j) (5,4-j) mod(l4,-), j=O, 1 
(0, O), (6, 1 +A (12,2-j) (7,3+j) (3,4-j) mod(l4,-), j=O, 1 
(0, 0) (7, 1 +A (1,4-j) (8,4-j) (9,4-j) mod(l4,-), j=O, 1 
(0, 0) (4,3 +i) (13,3+j) (6,4-j) (10,4-j) mod(l4,-), j=O, 1 
1 +j (0, 1 +j) (1,2-j) (13,3+j) (4,4-j) mod(l4,-), j=O, 1 
3+j (0, 1 +j) (7,2 -j) (6,3 + j) (5,4 -j) mod( 14, -), j = 0, 1 
v = 79. The elements are the residues modulo 79. The 316 quintuples 
are 
0 1 2 10 29 mod 79 
0 3 14 47 67 mod 79 
0 5 21 39 43 mod 79 
0 7 13 30 55 mod79 
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u = 87. The elements are A, 0, 1, 2, 3, 4, 5 and the 80 pairs (i,j), 
where i is an integer modulo 20 and j is an integer modulo 4. The septuple 
is 
A012345 
and the 380 quintuples are 
A (O,i) 
(0, j) (LA 
(0, j) (4, j) 
(O,j) (7J) 
VAj) (f&j) 
(0, i) (9,j) 
Ul2 +A (2,2 +A 
2J+j 
t&j) 
Ki) 
4+j (O,i) 
(5,.i) (W) 
(3,j) to,2 +A (42 +j) mod( 20, -), 
(0, 1 -i) (6, 1 -A (162 +A mod (20, -), 
(8, 1 --A (14,3 --A (15, 3 -A mod(20, -), 
(3, 1 -A (11,3--j) (17, 3 -j) mod( 20, -), 
(11,2+j) (1,3-j) (13,3 -A mod( 20, -), 
(9, 2 +A (5, 3 -iI (8, 3 --A mod( 20, -), 
(7, 1 -iI (5,2 +.A (5,3 -A mod( 20, -), 
(9, 1 -iI (15,2 +A (2, 3 -j) mod(20, -), 
(10, 1 -i) (9, 2 +j) (0, 3 -A mod( 20, -), 
(W) mod( 20, -) j=O, 1,2,3 
period 5, 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
j=O, 1 
v = 95. A star design of this order can be constructed by using the 
361 blocks of a TD(5, 19) (with groups Gi, i= 1, 2, . . . . 5) and adjoining the 
95 blocks obtained by defining a star design of order 19 on each of the 
groups G,, i = 1,2, . . . . 5. Clearly this star design contains a star subdesign of 
order 19. 
u = 99. The elements are the integers modulo 99. The 495 quintuples 
are 
0 1 2 12 20 mod99 
0 3 28 45 69 mod 99 
0 5 26 40 77 mod 99 
0 7 23 36 67 mod 99 
0 9 15 61 65 mod99 
u = 107. A design can be constructed by Lemma 2.2, taking m = 5, 
t = 0, w  = 7, since the star design of order 27 presented contains a sub- 
design of order 7. 
v = 115, I= 19. The elements are X, Y, Z, and the 112 triples (h, i,j), 
where h is A, B, C, D, or an integer modulo 23, and i and j are integers 
modulo 2. The 19 element set consists of X, Y, Z, and the triples (g, i, j), 
where g is A, B, C, or D. The 648 quintuples are 
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X 
Y 
‘7 
(0, 0, 0) 
(0, 0, 0) 
(A, 0, 0) 
(B, 0, 0) 
(C, 0, 0) 
(D, 0, 0) 
(O,O, 0) (12,0,0) 
(0, 0, 0) (0, 0, 1) 
(0, 0, 0) (0, 0, 1) 
(LO, 0) (3,0,0) 
(lO,O, 0) (to, 1) 
K40,O) GCQ 1) 
(0, 0, 0) (3,0> 1) 
(O,O,O) (5,4 1) 
(0, 0, 0) (6,Q 1) 
(0, 0, 1) (12,0, 1) 
(0, LO) (0, 1, 1) 
(1% LO) (12, 1, 1) 
(9>0,0) @lo, 0) 
(7, 40) (11, 1, 1) 
(19, 40) (3, 1, 1) 
(18, LO) (5, 1, 1) 
(9, 190) (16, 1, 1) 
(4, 40) (14, 1, 1) 
mod( 24, 2, -), 
(24 distinct blocks) 
mod( 24, -, -) 
mod(24, -, -) 
mod(24, 2, 2) 
mod(24,2,2) 
mod(24,2,2) 
mod(24,2,2) 
mod(24,2,2) 
mod(24,2,2) 
These initial designs can be used to establish the following. 
LEMMA 3.3, Let v be any integer congruent to 3 (mod 4). Zf v > 503 and 
v # 515, 655, then there exists a star design of order v. 
Proof: First apply Lemma 2.2 using m congruent to 0 (mod 5), m 2 35, 
and w  = 3, so that 4m + 3 is congruent to 3 (mod 20). Since TD(6, m) exists 
for all m satisfying the above conditions, and since star designs of order 
4m + 3 and 41+ 3 exist for all given m and all t satisfying 0 < t 6 28, t # 3, 
it follows that star designs exist for all v congruent to 3 (mod 4), v 3 703, 
with the possible exception of v = 715, which is covered in the case 
m = 2 (mod 5) following. 
Now admit values of m congruent to 2 (mod 5). Since a 7”(6, m) exists 
for all rnE (25, 27, 32}, the lemma is established. 1 
LEMMA 3.4. There exist star designs of orders 515 and 655. 
Proof: We apply Lemma 2.3 with m = 11, t = 9, and w  = 3 to obtain a 
star design of order 515. Applying Lemma 2.2 with m = 5, t = 5, w  = 7 we 
obtain a star design of order 127 with a subdesign of size 7. We now use 
Lemma 2.3 with m = 15, t = 6, w  = 7 to obtain a star design of order 
655. 1 
4. COVERS FOR SMALL ORDERS 
In this section we develop lemmas which are useful in dealing with 
exceptional cases between 115 and 503. 
LEMMA 4.1. Suppose that v is congruent to 15 or 19 (mod 20). Zf there 
exists a star design of order v, then there exists one of order 5v. 
Proof: For these values of v there exists a TD(5, v). Apply Lemma 2.1 
with w=O. i 
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LEMMA 4.2. Zf u is congruent to 75 or 95 (mod 100) and 100 < u < 500, 
then C(u) = B(u). 
Proof. Apply Lemma 4.1 to the appropriate values in Section 3. 1 
LEMMA 4.3. Suppose there exists a resolvable balanced incomplete block 
design D with parameters (v, b,r, 5, 1). Let n = v/5, and d be an integer in the 
interval 0 < d < r - 1. Then there exists a group divisible design 
GDD( 20”4d’, { 5 }, 1). 
ProoJ Let the resolution classes of D be R,, R,, . . . . R,. Let 
0312 a_ ,, . . . . co& be a set of elements not in D. To each block of Ri, adjoin 
the element co,, i = 1, 2, . . . . d. The resulting configuration D’ is a group 
divisible design whose groups are the n blocks of R, together with 
{cc,, cf.32, ..'> cod>, and whose blocks are of sizes 5 and 6. 
By deleting points from a projective plane of order 4 and an afline plane 
of order 5, one obtains group divisible designs GDD(45, (5}, 1) and 
GDD(d6, (5 >, 11, respectively. Using these configurations one can inflate 
each point of D’ by a factor of 4 in accordance with Wilson’s fundamental 
theorem (see [33]) to obtain the required group divisible design. 1 
COROLLARY 4.3.1. There exist star designs of orders 299 and 315. 
Proof As noted in [ 121, there is a resolvable balanced incomplete 
block design with parameters (65, 208, 16, 5, 1). Applying Lemma 4.3 with 
d= 9 and d= 13 yields group divisible designs GDD(20’3361, { 5 >, 1) and 
GDD(20’352L, (5 >, 1). Apply Lemma 2.1 with w  = 3 to establish the result. 
(Recall that a star design of order 23 has a star subdesign of order 3.) 1 
LEMMA 4.4. Suppose that there exists a balanced incomplete block design 
D with parameters (v, b, r, 6, 1). Then there exists a group divisible design 
GDD(20’- ‘4s1, { 5}, 1) for 0 6 s < 5. 
ProoJ: Distinguish a block B, of D, and let p be an element of D which 
lies on B,. By deleting p and 5 -s other points of D, one obtains a group 
divisible design GDD(S’- ‘s’, (5, 63, 1) (the groups of size 5 correspond to 
blocks containing p, with the possible exception of B,). Inflate this design 
as in Lemma 4.3 to obtain the required design. i 
COROLLARY 4.4.1. There exist star designs of orders 479, 487, and 499. 
ProoJ: Is is shown in [21] that there exist balanced incomplete block 
designs D, and Dz with parameters ( 121, 484, 24, 6, 1) and ( 126, 525, 6, 1 ), 
582a149/2-9 
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respectively. For v =479 and 487 use D,, with s= 3 and 5, together with 
Lemma 2.1, using the fact that there is a star design of order 27 with a star 
subdesign of order 7. For v = 499, use D, s = 3 and the same star design of 
order 27 as above. 1 
LEMMA 4.5. Let v be any integer congruent to 3 (mod 4). If v 2 243 and 
v # 255, then there exists a star design of order v. 
Proof Using Lemma 2.2 with the parameter pairs (m, w) = (19, 19), 
(17, 3), (15, 3), and (12, 3) establishes the lemma for all admissible v 
satisfying 243 < v < 475 with the exception of v E (295, 299, 315). For 
v > 475, it is also necessary to consider v E (479, 487, 495,499 >. In view of 
Lemma 4.2 and Corollaries 4.3.1 and 4.4.1, there cases present no excep- 
tion. 1 
LEMMA 4.6. There exist star designs of orders 239 and 255. 
Proof: The method of proof is to exhibit the complement of a non- 
existent star cover of order 15 in a star cover of order 59, and then apply 
Lemma 2.2 with t > 0 and w  = 15. The fact that there is no star cover of 
order 15 is irrelevant for the construction. The complement is constructed 
as follows: 
The 59 elements are the 55 pairs (i,j) with ig GI;( ll), j= 0, 1,2,3,4, and 
four special elements A, B, C, D. The 15-tuple consists of 11 elements (i, 0) 
and A, B, C, D. The quintuples are the 77 quintuples of the form 
(i,O) (i+j, 1) (i+2j,2) (i+3j,3) (i+4j,4)j#O, 1,4,6 
and the 88 quintuples are 
A 
B 
C 
D 
(i, 0) 
(6 0) 
(i, 0) 
(4 0) 
(i, 1) (4 2) (i, 3) 
(i+ 1, 1) (i+2,2) (i+3, 3) 
(i+4, 1) (i+8, 2) (i+ 1, 3) 
(i+6, 1) (i+ 1, 2) (i+7, 3) 
(6 1) (i+ 1, 1) (i+4, 1) 
(i, 2) (i+2, 2) (i+8, 2) 
(6 3) (i+ 3, 3) (i+ 1, 3) 
(i, 4) (i+4, 4) (i+ 5,4) 
(6 4) 
(i+4,4) 
(i+ 5,4) 
(i+2,4) 
(i+6, 1) 
(i+ 1, 2) 
(i+ 7, 3) 
(i+2,4) 
Now apply Lemma 2.2 with m= 11, w  = 15, and t E (1, 5} to obtain the 
result. 1 
LEMMA 4.7. Let v be a positive integer congruent to 3 (mod 4), v # 15. 
Then there exists a star design of order v with the possible exception of 
VE (135, 139, 155,215). 
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Proof. By the foregoing, we need only consider v in the intervals 
1196u<127 and 143~~~235, apart from v=155 and u=215. For 
119 < u < 127, apply Lemma 2.2. with m = 5 and w  = 7. For o in the interval 
143<~<171, we apply Lemma 2.2 with m=7 and w=3 (1~3). The star 
design of order 43 constructed in [22] contains a star subdesign of order 
11. Applying Lemma 2.2 with m = 8 and w  = 11 constructs star designs in 
the interval 171~ u < 203, with the exception of u = 175 which is treated in 
Lemma 4.2. 
For u in the interval 207 <a < 235, we need only consider u E {207, 219, 
227, 235). For u = 219, 227 or 235, apply Lemma 2.3, with m = 5, w = 3, 
and t = 2, 3, and 4, respectively. For u = 207, delete a point from a 
BIBD(41, 82, 10, 5, 1) to create a group divisible design GDD(4”, {5}, 1). 
Inflate this by a factor of 5, using the afline plane of order 5 as a GDD(5’, 
{ 5(, 1). Inflate this by a factor of 5, using the afline plane of order 5 as a 
GDD(55, (5). 1) to obtain a group divisible design GDD(20”, {5}, 1). 
Apply Lemma 2.1, using the fact that there is a star design of order 27 with 
a star subdesign of order 7 as constructed in Section 3. 1 
LEMMA 4.8. There exist star designs of orders 135, 139, 155, and 215. 
Proof. These designs are exhibited below: 
u = 135, I= 19. The elements are the integers modulo 19 and the 116 
pairs (i, j), where i is an integer module 29, and j is an integer (mod 4). The 
19 element set consists of the integers modulo 19 and the 899 quintuples 
are 
0 
(O,i) 
(O,i) 
(O,i) 
(O,j) 
(O,i) 
to,2 +A 
1 +j 
3+j 
5+j 
l-tj 
9+j 
11 +j 
a 0) 
(LA 
(5,i) 
@,A 
(Rj) 
(4,2 +A 
(2,2 +A 
KAi) 
@,A 
(0, j) 
(OJ) 
(O,.i) 
(O,i) 
(09 1) 
W) 
(14A 
(18,j) 
(3,2 +A 
@3,2 +A 
(7,2 +A 
(4, 1 -A 
(5, 1 -iI 
(6, 1 -i) 
(7, 1 --A 
(8, 1 --A 
(9, 1 -A 
(0>2) (0>3) mod( 29, -), 
(7,j) CA2 +.A mod( 29, -), j = 0, 
(2, 1 --A (1% 1 -iI mod(29, -), j = 0, 
(1,3-j) (2,3 --A mod(29, -), j = 0, 
(4,3 -j) (7,3 --A mod(29, -), j=O, I 
(14,2 +A 632 +j) mod(29, -), j= 0, 
(16, 2 +i) (53 --A mod(29, -), j = 0, 
(7,2 +A (14,3 --A mod(29, -), j = 0, 1 
W,2 +A (11,3--j) mod(29, -), j = 0, 1 
(1% 2 +A (28,3 -iI mod(29, -), j = 0, 
(27,2 +A (19,3 -A mod(29, -), j = 0, 
(2% 2 +A (17, 3 --A mod(29, -), j = 0, 
(19,2 +A (25, 3 -iI mod(29, -), j = 0, 
13+j (W (11, 1 -j) (17, 1 +j) (5,3-j) mod(29,-), j=O, 1 
15+j (O,j) (13, 1 -j) (11, 2+j) (26,3-j) mod(29,-), j=O, 1 
17 +j W) (26-j) (5,2+j) (15,3-j) mod(29,-), j==O,l 
u = 139. The elements are the integers module 139. The 973 quintuples 
are 
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0 1 8 27 51 mod 139 
0 1 10 35 65 mod 139 
0 2 13 71 119 mod 139 
0 3 15 62 101 mod 139 
0 4 18 67 111 mod 139 
0 5 21 57 99 mod 139 
0 6 23 79 108 mod 139 
v = 155, I= 19. The elements are X, Y, Z, and the 152 triples (h, i,j), 
where h is A, B, C, D, or an integer modulo 34, and i and j are integers 
modulo 2. The 19 element set consists of X, Y, Z, and the triples (g, i, j), 
where g is A, B, C, or D. The 1190 quintuples are 
x (O,O,O) (17,0,0) (O,O, 1) (17.0, 1) mod(34,2,-), 
(34 distinct blocks) 
Y (0, 0, 0) (0, 0, 1) (0, 1,O) (0, 1, 1) mod(34, -, -) 
Z (O,O,O) V&O, 1) (17, LO) (17, 1, 1) mod(34,-,-) 
(O,O,O) (l,O,O) (3,0,0) (7,0,0) (6, LO) mod(34,2,2) 
(O,O, 0) (5,0,0) (13,0,0) (23,0,0) (2, 1, 1) mod(34, 22) 
(QO, 0) (9,0,0) (40, 1) (15,0, 1) (23, 1,O) mod(34, 22) 
(O,O,O) (12,090) (5,0, 1) (2490, 1) (10, LO) mod(34,2,2) 
(4 0, 0) (0, f&O) (LO, 1) (9,&O) (18, 1,l) modW,2,2) 
(B, 0, 0) (0, 0,O) (3,0, 1) (4, 1, 0) (24, 1, 1) mod(342, 2) 
(C, (40) O&O, 0) (4,0, 1) (8, 1,O) (19, 1, 1) mod(34, 2,2) 
(D, 0, 0) (0, 0, 0) (13,0, 1) (7, 1,O) (25, 1, 1) modP,2,2) 
u = 215, I= 39. The elements are X, Y, Z and the 212 triples (h, i, j), 
where h is A, B, C, D, E, F, G, H, Z, or an integer module 44, and i and j 
are integers modulo 2. The 39 element set consists of X, Y, Z, and the 
triples (g, i,j), where g is A, B, C, D, E, F, G, H, or I. The 2244 quintuples 
are 
x (O,O, 0) (22,0,0) (O-0, 1) (22,0, 1) mod(44, 2, -), 
(44 distinct blocks) 
Y (0, 0,O) (0, 0, 1) (0, LO) (0, 1, 1) mod(44, -, -) 
z (0, 0, 0) (0, 0, 1) (22, JO) (22, 1, 1) mod(44, -, -) 
(0, 0, 0) (LO, 0) (3,0,0) (28,0,0) (40,0,0) mod(44 2,2) 
(O,O,O) (6,0,0) (14,0,0) (24,0,0) (35,0,0) mod(J42,2) 
(O,O,O) (13,0,0) (AO, 1) (3, LO) (5, 1, 1) mod(44,2,2) 
(A, 0,O) (O,O, 0) (3,0, 1) (24, LO) (29, 1, 1) mod(44,2,2) 
(4 0, 0) (O,O, 0) (4,0, 1) (1, LO) (9, 1, 1) mod(W 2,2) 
(C, O,O) (O,O, 0) (6,0, 1) (2, 1,O) (31, 1, 1) mod(44,2,2) 
(D, O,O) (0, O,O) (7,0,1) (14, lo) (28,1,1) mod(% 2,2) 
(E, O,O) (O,O, 0) (9,0, 1) (15, LO) (25, 1, 1) mod(W 2,2) 
(F,O,O) (O,O,O) (ll,O, 1) (35, LO) (18,L 1) mod(44,2,2) 
(G, 0,O) (0, 0,O) (13,0, 1) (12, LO) (30, 1, 1) mod(44,2,2) 
(H, O,O) (O,O, 0) (16,0, 1) (6, LO) (27, 1, 1) mod(W 2,2) 
(I, 0,O) (O,O,O) (19,0, 1) (8, LO) (32, 1, 1) mod(N 22) 
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The foregoing is summarized below. 
THEOREM 4.9. Let v be a positive integer congruent to 3 (mod 4). rf 
v # 15, then there exists a star design of order v. 
COROLLARY 4.9.1. Let v be an integer greater than or equal to 7 which is 
congruent to 3 (mod4). Zfvf15, then C(v)=B(v), andC(lS)=B(15)+1. 
A careful examination of our proof gives us the following result. 
THEOREM 4.10. If v is a positive integer congruent to 7 (mod 20), then 
there exists a star design of order v with a subdesign of order 7. 
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